The problem of horizontal-plane tracking control of an omni-directional, four vectored-thruster aerostat when subjected to actuator failure is considered. The actuator failures result in the aerostat becoming underactuated, so it can only effect surge force and pure yaw moment about the body centre. To achieve accurate position control in the horizontal plane, direct position control is used instead of heading control.This mode of controller is called degraded tracking control in contrast to full authority control of the overactuated four vectored-thruster aerostat. This degraded tracking controller uses commanded yaw rate to track lateral position, and yaw moment to eliminate lateral position error, therefore yaw angle is not directly controlled. To guarantee the stability of the yaw motion, a Virtual Reference Point (VRP) tracking strategy is proposed, where the VRP is used instead of the body center (BC) in position tracking. The VRP generates a negative compensated force in the surge direction which makes the side-force and yaw moment have the same sign and so ensure that the aerostat is in a stable tracking configuration. Meanwhile the VRP also decreases the transmission ratio of commanded yaw rate to commanded lateral velocity, making the aerostat's yaw motion vary slowly during transitional phase, so steady position tracking is obtained.
Introduction
Given their hovering ability, static lift airships have been proposed as stratospheric (from 10km to 20km altitude) platforms (Smith et al. (2011); Yang and Liu (2018) ; Zhang et al. (2017) ), the shape of the envelope has a major influence on an airship's performance (Khoury and Gillett (1999, p. 385) ). The ellipsoidal shape displays a reduced lateral profile in crosswinds and has a higher lift efficiency. Therefore, this shape is advantageous for a platform hovering at a given altitude ). The efficiency of a conventional actuator, such as an aerodynamic control surface for stratospheric platforms is decreased by the low-atmospheric density and flight speed (Yang and Yan (2018); Azinheira et al. (2015) ; Yang and Yan (2016) ; Yang (2018) ). One of the most effective substitutes is the vectored thruster (Rooz and Johnson (2005) ). Thus a multi-thruster ellipsoidal aerostat is proposed for a stratospheric platform that hovers over a fixed area. The problem considered in this paper is the position tracking control of this aerostat subject to actuator failure.
The aerostat is rotationally symmetric with a height-to-diameter ratio of 0.6 and is shown in Fig. 1 . It is equipped with four vectored propellers, each vectored propeller can change its thrust amplitude and direction independently.
Hence under normal operation the vehicle is overactuated (Chen et al. (2015) ) meaning that there may be more than one way to effect each Degree Of Freedom (DOF). In case of complete failure of a single thruster, the remaining thrusters can be reconfigured by using control allocation without having to change the motion controller structure provided full controllability is guaranteed ).However if two or more thrusters totally fail then the aerostat changes from being overactuated to underactuated. Hence the controller must be redesigned to maintain tracking control. This is termed degraded control as compared to the fully-actuated situation.
Literature dealing with the control of underactuated vehicles is fairly extensive and ever growing. For control in the horizontal plane, most of the study has been devoted to surface marine vehicles, but here this is extended to the aerostat problem. The concepts proposed for solving such 3DOF state control problems with two control inputs can be divided into two notably different strategies: full 3 DOF state control and reduced 2 DOF state control (Breivik (2003) ). Using only 2 control inputs to control the full 3 DOF means that it is an underactuated control problem. Since the stabilization problem system does not satisfy Brockett's condition (Brockett (1983) ), a smooth, time-invariant, state feedback control algorithm cannot be utilized for stabilization to a set-point (Pettersen and Fossen (2000) ; Do et al. (2002) ; Zheng et al. (2013 Zheng et al. ( , 2016 ). Lowering the output space from full 3 DOF to reduced 2 DOF ensures that the control problem is no longer of an underactuated character. Hence ordinary smooth, static state feedback control laws can be employed for both trajectory tracking and stabilization to a fixed point. However, for this approach to be successful, the strategy employed must ensure indirect control of the underactuated state such that it behaves as desired ; Morel and Leonessa (2002) ; Consolini and Tosques (2012) ; Toussaint et al. (2000) ).
Conventional 2 DOF state controllers for underactuated ships do not control the vehicle's position directly, but indirectly via the heading (Pettersen and Fossen (2000) ; Lauvdal and Fossen (1997) ; Lekkas and Fossen (2012) ). If there are external disturbances due to wind, the ship's position will not follow the desired track. To overcome this problem, direct position control was proposed instead of the heading control for underactuated vehicles (Godhavn (1996) ; Berge et al. (1999) ; Ashrafiuon et al. (2008); Fossen et al. (1998) ). The strategy is to prove the exponential convergence of the body-fixed position and velocity errors while the heading loop is open and hence it is referred to as the internal states ). The stability of the internal dynamics depends mainly on the damping terms in yaw, so it can be unstable for some ships, in fact the ship may rotate a full 180 degrees ). This will happen for the aerostat considered here because of its rotationally symmetric shape, it has a smaller yaw damping coefficient than that of aerostats with a 'teardrop' shape, so it is easy to change heading under disturbance.
A Virtual Reference Point (VRP) tracking strategy was originally proposed for tanker control by (Pinkster and Marin (1986) ). In this method the VRP is used instead of the body center (BC) in position tracking. The VRP tracking strategy extends the BC controller to provide position tracking with increases yaw damping and stable internal dynamics (Morel and Leonessa (2010) ). Furthermore the concept possesses an inherent weather-vaning property ), making it very interesting for application to control of this aerostat.In this paper the VRP is also adopted to design a direct position 2 DOF state controller for the aerostat when subjected to failure of two opposite thrusters, and the mechanism of VRP for stability of set-point tracking is investigated.
The paper is structured as follows. Section "Airship dynamic model" begins by introducing the aerostat model. Section "Degraded tracking control law" details the controller design, which is divided into two parts. First, the design of the position controller based on VRP is considered; then the same controller is calculated based on BC, the difference of two controller in terms of its force magnitude are calculated. The performance of the VRP controller is then tested by simulation in Section "Application to the aerostat model". The internal dynamic stability is analyzed and the mechanism of VRP in steady position tracking is investigated in Section "Internal dynamics stability". Section "Conclusion" concludes the paper with some observations.
Airship dynamic model
A aerostat with a diameter of 6 m and volume of 70 m 3 is taken for controller design. The gondola is suspended under its body to increase pitch and roll stability as shown in Fig. 1 . The full 6 DOF non-linear dynamics can be found in Chen et al. (2015) . If we assume that excursions in roll, pitch and heave are small, then the simplified horizontal plane 3 DOF dynamics that are used for the controller design are described by (1)
where u, v, r are the state variables, respectively forward velocity, lateral velocity and yaw rate, m is the mass of aerostat, m 11 , m 22 , m 66 are the virtual masses and inertia of the aerostat along the u, v and r directions respectively, I z is the moment of inertia of the aerostat in yaw direction, and the external forces consist of aerodynamic forces, F Ai , and vectored thrusts, F T i , for i = 1, 2, 6.
The vectored angle of each propeller is denoted by µ 1 and µ 2 , and the generated force is represented by f 1 and f 2 . In the vectored-rotation plane,which is parallel to the Oxz plane, each vectored thrust is decomposed into two orthogonal forces f iH and f iV , i = 1, 2, where
These decomposed pairs are then 5 resolved into the body-fixed frame along the x-, y-, and z-axes with matrix B in the 6 DOF model as
where R p is the arm-length of the propeller effector on the body frame as shown in Fig. 2 , and B 2 is the reduced input matrix B for 3 DOF planar model with
From B in equation (4), we can see that the thrusters also affect the vertical and roll motion while driving the movement in the horizontal plane. Hence the simulations in section are conducted with the full 6 DOF non-linear model.
Because of the rotational symmetry of the aerostat body and the symmetrical installation of propellers, there is no fundamental distinction between forward and backward travel. As shown in Fig. 2 , the bow direction of the aerostat could be defined as any of positive x-direction, negative x-direction, positive y-direction or negative y-direction all in the body frame.
Degraded tracking control law
For accurate position tracking, the position tracking error is directly considered in the controller design. The longitudinal position is controlled by the forward thrust and the lateral position is controlled by commanded yaw rater according to equation (2). Since the yaw moment is used to control yaw rate which is directly related to the lateral position error, the yaw angle is not independently controlled as it follows the yaw rate passively. Such 6 situations may occur if yaw damping coefficient is not large enough to stabilize the yaw rate and the aerostat may turn around and lead with the stern. According to Godhavn et al. (1998) , to solve this problem a VRP, P v , is chosen as the position output point and is placed on the aerostat's longitudinal symmetry axis at a positive distance d u from the body centre (BC) as shown in Fig. 3 . Note that if d u = 0 then the VRP controller reduces to the BC controller.
Fig. 3. Forces analysis in tracking
Assuming the desired output to the system is
T and the virtual reference point is forward located at
T , the relation between reference point and the current point is given by
where R is the transformation matrix
The linear velocity controller from P v to P d is set as
where
T is the commanded velocity vector for set-point tracking and k = diag[k 1 , k 2 ] is a designed positive vector. The linear acceleration controller is set aṡ
wherev c = [u c ,v c ] is the commanded acceleration vector for commanded velocity tracking and λ = diag[λ 1 , λ 2 ] is a designed positive vector. Substituting equations (6) and (8) into equation (9), we geṫ
For the lateral position tracking, we use the dynamic relationship from equation (2) 
where r c is the commanded yaw rate,ṙ c is the commanded yaw acceleration, and λ 3 is a positive designed number.
To avoid a singularity in the calculation of r c when u = 0, we use a threshold variable u p to replace u in equation (11):
Finally we apply feedback linearization to the system given by equations (1) -(3) to achieve station-keeping tracking 8 control forces
Inserting equation (10) into (14), the final control forces are written as
where these controllers guarantee convergence of x to x d and y to y d respectively. The control forces are related with the commanded accelerations as shown in equation (14). With the position relationship of P v with P, the tracking acceleration [u c ,v c ] T of P can also be deduced from equation (10) aṡ
If we choose k 1 = k 2 , then equation (16) can be simplified tȯ
So the difference in choosing different tracking output point is just the different control force acting on the aerostat as shown in Fig. 3 , i.e. F p = F Pv + ∆F, and ∆F = [∆F T 1 , ∆F T 6 ] T is called the compensated force where
The overall control structure is as shown in 
Comparison of different output points
The simulation results for the BC case are shown in Fig. 11 . The green line in Fig. 9 shows the change of the aerostat's heading. The aerostat travels to the destination almost backwards, thanks to the symmetric configuration of two vectored thrusters of the symmetrical aerostat. Due to the symmetry, it matters little for this aerostat whether it travels forwards or backwards.
Further we look into the control force and velocity responses for the two cases. We find that in the BC case there is no compensated force, so there is no difference between B-com and A-com in Fig. 6 . However in the VRP case there is a large negative compensated force in surge and a small amount of yaw moment in Fig between +90 and -90 degrees, these being the angles that provide maximum lateral thrusts in the Oxz pane.
There are tracking errors in both x and y direction in the VRP case as seen in Fig. 11 . This is because the VRP is taken as the tracking output point, so the Euclidean norm of the position error is just the distance from reference point to the body centre, satisfying that P d − P 2 = d u , so the VRP tracking is a bounded-error method.
Performance analysis
To validate the set-point tracking ability of the VRP method, Fig. 13 illustrates the aerostat trajectories to different destinations in the four quadrants of the Oxy-plane. Fig. 14 shows the heading and velocity. The setpoints in these different locations are reached. There is always extra negative compensated force in the surge direction, so the body-fixed velocity u is negative during most of the tracking period as shown in Fig. 14. This is really the key factor for stabilizing the heading angle in set-point tracking, and will be further discussed in the next section. 
Internal dynamics stability
The trajectory tracking problem for underactuated surface ship has generated great interest in the literature ; Morel and Leonessa (2002) ; Consolini and Tosques (2012) ; Toussaint et al. (2000) ; Morel and Leonessa (2010) ). Accordingly, the control design objective for such a nonminimum-phase system should not be perfect tracking, but bounded-error tracking (Slotine and Li (1991) ; Leonessa et al. (2006) ). One approach consists of choosing the VRP as the tracking output to remove the nonminimum-phase behavior Morel and Leonessa (2002) ; Consolini and Tosques (2012) ). The stability of the internal dynamics was indirectly demonstrated through numerical simulation (Consolini and Tosques (2012) ; Berge et al. (1999); Morel and Leonessa (2010) ) or analytic results can be obtained based on linearization or some constrained conditions (Morel and Leonessa (2002); Fossen et al. (1998) ; Leonessa et al. (2006)) In this section we discuss the VRP mechanism for guaranteeing stable tracking based on the nonlinear model. This investigation is conducted in two different ways. The first is to guarantee a stable tracking configuration, the other is to decrease the transmission ratio between yaw rate and lateral velocity.
Stable tracking configuration
According to Lekkas and Fossen (2012) , if the side force and yaw moment have the same sign in the inertial frame then the ship will not rotate around in position tracking. This is the same situation for the aerostat, we refer to it as the stable tracking configuration. The first contribution of the VRP is to provide the stable tracking configuration under the failure cases. Without loss of generality, when the lateral aerodynamics f A2 is neglected, equation (11) can be simplified to
To make the side force and yaw moment have the same sign in the initial configuration, r c should follow thev c in the same direction and the only way to satisfy this condition is that u < 0. This is true in Fig. 14, in the steady tracking phase the body-fixed u varied from the negative to zero. It is the compensated force in equation (18) Furthermore because of the command filter, described in the start of Section 4, x c (t) < d u at the beginning (0-7s), both make u c negative, so the aerostat is in a stable tracking configuration, even though x moves to the opposite direction. Later, when x c (t) > d u , then u c > 0 (7.7s, ψ = 0.247 rad) as shown in Fig. 18 , r c becomes negative, i.e. has an opposite sign tov c , so the aerostat is in an unstable tracking configuration. Because of the light yaw damping of this aerostat, its heading changes very quickly. The heading tends to go back until it reaches ψ = 2.61 rad (23.5 s) as shown in Fig. 17 , and u c becomes negative again, and then u < 0, r c > 0 andv c > 0, so the aerostat is in a stable situation again, and the normal tracking process begins. During this transient process, the heading is already in the location of ψ = 2.61 rad and r = 0.722 rad/s. After that the stability condition is satisfied, so the aerostat moves to the destination backwards. However for the BC case shown in Fig. 6 , for the initial few seconds u c > 0 and the aerostat is in an unstable situation. Then with the change of ψ, there is a period for which u < 0, however this is too brief and lacks a negative compensated force. Then ψ reaches a new position and u becomes positive again. This is repeated along the whole trajectory resulting in oscillation, especially near to the destination as shown in Fig. 5 .
Reduction of the transmission ratio between yaw rate and lateral velocity
The second contribution of the VRP is to decrease the transmission ratio of commanded yaw rate r c to commanded lateral velocity v c . The transmission coefficient is shown in equation (19) 
Conclusion
The degraded tracking control of a multi-thruster aerostat in an underactuated situation is proposed. For more accurate position tracking, lateral position control is used instead of heading control. The lateral position is controlled by yaw rate through yaw moment, therefore yaw angle is only controlled indirectly. In this method the VRP is used instead of the BC in position tracking. The VRP tracking strategy extends the BC controller to provide position tracking with increases yaw damping and stable internal dynamics.
The VRP mechanism is investigated based on the nonlinear model in terms of keeping the stable tracking configuration and decreasing the transmission ratio of commanded yaw rate to commanded lateral velocity. The approach can achieve arbitrary set-point tracking with bounded error. To validate the capability of the VRP based direct position controller in a constant wind, a conventional 2 DOF state controller is designed for comparison.
Simulation results illustrate the position tracking ability of this method in a wind field.
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The simulation results show that there are periods during which the aerostat turns and travels almost backwards. This is not a concern for this particular application due to the symmetry of the aerostat, however, to extend the approach to other aerostat configurations and shapes requires further study.
